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The  o n e - d i m e n s i o n a l  cha in  of e l a s t i c a l l y  coup led  p a r t i c l e s  is  the  s i m p l e s t  m o d e l  f o r  s t u d y i n g  the  
s t a t i s t i c a l  d y n a m i c  p r o p e r t i e s  of s o l i d  b o d i e s .  S c h r S d i n g e r  [1] ob ta ined  an a n a l y t i c  so lu t i on  of the  u n -  
s t e a d y  p r o b l e m  of u n i f o r m  c h a i n v i b r a t i o n s  and e x a m i n e d  the  t r a n s i t i o n  f r o m  the  m e c h a n i c s  of a s y s t e m  
of d i s c r e t e  po in t s  to t he  m e c h a n i c s  of a con t inuum.  

The  t i m e  d e p e n d e n c e  of t he  m o t i o n  of a l i n e a r  cha in  in the  p r e s e n c e  of an i s o t o p i c  de fec t  (the f o r e i g n  
p a r t i c l e  d i f f e r s  only  in m a s s  f r o m  the  b a s i c  p a r t i c l e )  was  s tud i ed  in [2]. Us ing  the  g e n e r a t i n g  func t ion  
m e t h o d ,  he  o b t a i n e d  the  i n t e g r a l  equa t i ons  of m o t i o n  of t he  cha in  p a r t i c l e s ,  which  he  s o l v e d  b y  i t e r a t i o n s ,  
and then  was  ab l e  to s u m  the  r e s u l t i n g  s e r i e s .  In  v iew of t he  c o m p l e x i t y  of the  f o r m u l a s ,  t h i s  m e t h o d  c a n -  
not  be  u sed  in p r a c t i c e  to  e x a m i n e  u n s t e a d y  p r o b l e m s  of v i b r a t i o n s  of a cha in  wi th  o t h e r  t y p e s  of d e f e c t s ,  
e . g . ,  t he  c a s e  of p r e s e n c e  in the  cha in  of an i s o b a r i c  de f ec t  (the f o r e i g n  p a r t i c l e  d i f f e r s  f r o m  the  b a s i c  
p a r t i c l e  only  in i t s  i n t e r a c t i o n  with  i t s  n e i g h b o r s ) ,  a m o l e c u l a r  c o n t a m i n a n t ,  and so on.  In  the  p r e s e n t  s tudy  
we ob t a in  the  so lu t i on  of t he  u n s t e a d y  p r o b l e m  of v i b r a t i o n s  of a cha in  in t he  p r e s e n c e  of an i s o b a r i c  de fec t .  

1. We  s h a l l  s tudy  the  p r o b l e m  of l o n g i t u d i n a l  v i b r a t i o n s  of an in f in i t e  cha in  c o n s i s t i n g  of p a r t i c l e s  
of m a s s  M a r r a n g e d  in a s t r a i g h t  l i ne  and in a s t a t e  of e q u i l i b r i u m  at equa l  d i s t a n c e s  f r o m  one a n o t h e r .  
P a r t i c l e  i n t e r a c t i o n  i s  e x a m i n e d  in the  h a r m o n i c  a p p r o x i m a t i o n .  We deno te  the  cha in  f o r c e  c o n s t a n t  b y  K. 
In t he  cha in  one node  (zero)  i s  o c c u p i e d  by  a p a r t i c l e  whose  i n t e r a c t i o n  is d e s c r i b e d  by the  f o r c e  cons t an t  
K 0 and i s  d i f f e r e n t  f r o m  the  i n t e r a c t i o n  b e t w e e n  the  r e m a i n i n g  p a r t i c l e s .  

The  s y s t e m  of equa t ions  d e s c r i b i n g  the  m o t i o n  of t he  p a r t i c l e s  has  the  f o r m  

rt" (t) ~ [ K  -~- (K0 - -  K)  (5{, o -F 5{, -1)1 (r~ 1 - -  ri) - -  [ K  -~- (K0 - -  K)(8~,  0 -[- 5~, 1)] (rl - -  r{-1) ( 1 . 1 )  

w h e r e  r i (i = 0, +1 ,  + 2 . . . .  ) is  t h e  d e v i a t i o n  of the  i - t h p a r t i c l e  f r o m  the  e q u i l i b r i u m  pos i t i on ,  and 5in is  the  
K r o n e c k e r  s y m b o l .  

The  i n i t i a l  cond i t i ons  a r e  

r~ (0) = % r((0) = v~ (1.2) 

I n t r o d u c i n g  the  d i m e n s i o n l e s s  t i m e  ~-, we ob ta in  

4ri'" (x) ~-~ [l -~- (9 --  i) (5~, o -~ 5~,-1)] (r~+l - -  r~)-  [i + (9 --  i) (5~, o -~ 6{, 1)] (ri - -  ri-1) 

r i (0) = at, r((0) ~ v / o) L (x = 2 (K / M)'ht : O~Lt , ~ ~ Ko / K) (1.3) 

The  so lu t i on  of t h i s  s y s t e m  of l i n e a r  d i f f e r e n t i a l  equa t ions  wi th  cons t an t  c o e f f i c i e n t s  can  be  sought  
in the  f o r m  

r i  (v) ~ 

j '= - -co  0 
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The  p r o b l e m  r e d u c e s  to  f inding  the  func t ion  ~i (J, r ) .  

Thus ,  we s h a l l  s o l v e  (1.3) wi th  the  i n i t i a l  cond i t ions  

[q (o) = % ,,((0) = o 

2. We s o l v e  the  p r o b l e m  by  the  L a p l a c e  t r a n s f o r m  me thod .  
t ion  r i ( r )  by  xi(p) ,  i t  i s  not  d i f f i cu l t  to f ind 

[lZ+ (3 --  'l) (5~, o + 5~, _~)l D~+~ (p) --  z~ (p)] 
- -  [i q- (3 --  i) (5~, 0 q- 5~, 1)1 [x~ (p) - -  x~_ 1 (p)] --  4p~x~ (p) q- 4pa i = 0 

We e x a m i n e  (2.1) f o r  i =2, 3, 4 . . . .  

x~+ 1 --  (4p ~ q- 2) % -~ xi_ 1 q- 4pa i = 0 

Equa t ion  (2.2) i s  a h o m o g e n e o u s  d i f f e r e n c e  equa t ion  and i t s  so lu t ion  i s  [3] 
{--1 

y, 
' v~2 

An ana logous  r e l a t i o n  ho lds  f o r  x i with n e g a t i v e  v a l u e s  of t he  index i: 

k-t-1 

xk=q)ll(~_k_lX_2_(p_~_2x_l A[_ 4p ~ (p_v_la/r 
v~--2  

(1.5) 

If we deno te  the  t r a n s f o r m  of the  f u n c -  

(2.1) 

(2.2) 

(2.3) 

(2.4) 

H e r e  n e g a t i v e  v a l u e s  of the  p a r t i c l e  n u m b e r s  a r e  deno ted  by  the  index k.  

Us ing  (2.1) with t = - l ,  O, 1 and (2.3), (2.4), a f t e r  s i m p l e  a l g e b r a i c  t r a n s f o r m a t i o n s  we f ind 

i 

v~2  
k 

r 5 -1  ~-~ -k-l (~(P k-lX~ ~p ~ q)-v-lak-l-v)+ 4pao 
v~--2 

z i = [(4p ~ + ~ + I) q)i - -  (P~-l] 
(2.5) 

P a s s i n g  in (2.5) to  the  l i m i t  as  i ~  ~ and k ~ -  0% we ob ta in  x0(p) 
~ j  

xo (p) = W 
3~--co 

h = ~  V T + i 4 - ( ~ - i )  p [ ( V p - V ~ - p ) ' ~ - l ]  

F i n d i n g  r0 ( r )  r e d u c e s  to c a l c u l a t i n g  the  c on tou r  i n t e g r a l  

ro (T) = ~ Xo (p) e p'c dp 
a--~co 

(2.6) 

(2.7) 

w h e r e  a i s  a cons t an t  which  is  l a r g e r  than  the  r e a l  p a r t  of any s i n g u l a r i t y  of x0(P). 

The  c o n t o u r  i n t e g r a l  (2.7) can  be  e x p r e s s e d  in t e r m s  of L o m m e l ,  B e s s e l ,  and t r i g o n o m e t r i c  f u n c -  
t i ons  [4]. The  L o m m e l  func t ions  of two independen t  v a r i a b l e s  a r e  de f ined  by  the  r e l a t i o n  ( see  [5] f o r  t a b l e s  
of t he  L o m m e l  func t ions)  

m y \,T2r~ (2.8) 

~n~ 0 

R e p l a c i n g  the  v a r i a b l e  in (2.7) us ing  w =p-Jp- -~+  1, we have  

l 

2~--oo 

(2.9) 
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We can take  as the contour  1 any c i r c l e  enc los ing  the coord ina te  o r ig in  w = 0  and not enc los ing  the  
poles  of the in tegrand .  H e r e  it is a s s u m e d  that  the coord ina te  or ig in  is b y p a s s e d  in the pos i t ive  d i rec t ion .  

We r e p r e s e n t  the funct ion x0(w) in the f o r m  of the sum of f r ac t ions :  

Ao0 oo 2 
zo(w)=--~ + ~ ~ A~w~+* wl, 2--3B-+~ (2.10) 

~=l ~ w ~ -  wu ' ~ -- 2--  2~ ' ~" ~ (%~-- 8~)'7~ 

The i n t eg ra l  (2.9) b r e a k s  down into the sum of i n t eg ra l s  of the f o r m  

1 -~  v 1 

l 

l 

The in tegra l  (2.11) is the B e s s e l  function J0(m) of  z e r o  o r d e r  {61. 

Expanding the de nom i na t o r  in (2.12) into a s e r i e s ,  it is  ea sy  to show that  fo r f i  <1 the in t eg ra l  (2.12) 
equals  

I ~ = ( - - ~ )  ~+~lt W~l -c,'~ (2.13) 

F o r  /3 > 1 we obtain 

2~ 
' ~ = ( - - ~ ) ~ - ~ + 2 [ ( - - ' % ) ' / ~ '  T1--% ~c~176 ~ ~  ~)'~'~ (2.14) 

Ca lcu la t ing  sequent ia l ly  all  the in teg ra l s ,  a f t e r  s imp le  a lgeb ra i c  t r a n s f o r m a t i o n s  we obtain r0(z) .  
We in t roduce  the no ta t ions  

A = ~ --T ~ 6j, o + ~21 I o(j - -  8j, o), ~ \ - -  "~1/ 

8 - (  A-I '/~ 13+~; ~ ~(5~--i) -(i--Sso), -t--~>) B ~ - - - ~  6L o + 62 l j  1-21 o (j) I ~'~y , < . 

o(i)=~(i>~O, o ( i )=o0~o) ,  o ( i ) = - - I  (s~i )  (2.15) 

Then with account  f o r  (1.4) the  solut ion can be  wr i t t en  in the f o r m s :  

f o r  f~ > 1 

fo r /3  < 1 

(:Do (i, "c) = d o (T) 6L o - [ - ( - -  t)[Jf -OU)I+I A cos  COo'r + AU2IOU)[ -21JI (u *'~' T) - -  BU21 jl_21 oU ) i§ (Sx', "0 (2.16) 

q)~(i, z)=  do(Z)Sj, o +-AU21jI_2IO(DI.2(:~*,z)--BUdiI_~EeO)t+e.(5%T) (2.17) 

F o r  the ease  fi =1 the solut ion was  obta ined p r e v i o u s l y  in [1]. 

Now we t u r n  to f inding ri(T) fo r  i ~ 0 .  Subst i tut ing x 2 f r o m  (2.3) into (2.1) fo r  i = l ,  and x_ 2 f r o m  (2.4) 
into (2.1) f o r  i = - 1 ,  we have  

v~2 
/t 

x_l-~'6_~Xl(~qp_k+lXo+CplX ~ + 4p ~ (p_v_lak_l_,,) ( 2 . 1 9 )  
v~--2 

Subt rac t ing  (2.19) f r o m  (2.18) and pass ing  to the l imit  as i - ~  and k--*-o% we obtain 

4p ~]. O(i)(]f~ + l _ p)~lila s: 
~ ( P ) -  x-l(P)= i +({~-- O ( V ~ + i -  p)~ j=_~ 

(2.20) 

Using the equat ion of (2.1) f o r  i = 0  and (2.20), we find the t rar~sforms xl(p) and x l(p) , and then f r o m  
( 2 . 1 8 )  a n d  (2.19) we obtain xi(p) and xk(P). 
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We find the  o r i g i n a l  by  the  me thod  u s e d  fo r  f inding  the  
u s ing  the  no ta t ion  (1.4). 

I f f i  >2 ,  then  

Here 

o r i g i n a l  of x0(P). We p r e s e n t  the  f i na l  r e s u l t ,  

q:)i (i, "0 ~ ~ .  (l, '0 -I- ( - -  i )  I i i+ I i l  C eos] O~o'r --p (--  ~)I;'H + I~ IE0 (i) 0 (i) cos ~of~ 

q- CU:_~lil_~l.71 (c{-1~, r) --t- EO (i) 0 (,/') gz_ll i l  _2 lil (~-*'e, "rl (2.21) 

tF~ (i, "r) = J~ H-j I ('0 --  J21 ~ I + I ~j-o (i) I-z ('0 

+ +  [ i - -SS,o + 0 ( i ) 0 ( i ) ]  [(i -- f~) ]~jij+2 rsr-2 ( T ) +  a2111+2 iJ i-~(r) ]- i -DU21q+21Jl (8% T) (2.22) 

(~ -- I) + _~ ~ -- ~ § 2~ 
C : r 67, 0 4'~21~'[+21Ji-my(l --13) (I --5.i,(~) 
D : 7 (I -- 5 '~) 373 -- 27 ~ -- ~7 -}- 2~7 

621ilT 5j,0-~ 4621~l+2UI-Ty(i_~) ([--6Lo) 

E~2(~_I)I~I~17 I, 8~(7--1) 'h, co*~2]/~_i 

For 1 < 13- 2 the solution has the form 

(I)i (S, r) = ~F~ (S', "r) -l- ( - - / )  V'l+lj I C cos ~Oo'e' ~ CU2_21 ~ I-2i Jl (ct-*-c, r) -i- E0 (i) 0 (]) U21~. i+~ljl (er, "~) ( 2 . 2 3 )  

In the  c a s e  fi <1 we f ind 

ffJi (i, "0 : ~ (]', m) -t- CU2111 ~ 21j/ (u'r, "it) -[- E0 (i) 0 (]) U217i+.21ji (eT, "r) ( 2 . 2 4 )  

F o r  fi =1 the  s o l u t i o n  was ob ta ined  in [1]. 

3. E x a m p l e .  We s h a l l  i n v e s t i g a t e  the  s t a t i s t i c a l  d y n a m i c  p r o p e r t i e s  of a cha in  wi th  i s o b a r i c  de fec t .  
A s s u m e  tha t  at  the  i n i t i a l  t i m e  t = 0  the  v e l o c i t y  of the  i - t h  p a r t i c l e  has  the  g iven  v a l u e  vi(0) , and the  v e l o c -  
i t i e s  of t he  r e m a i n i n g  p a r t i c l e s  a r e  r a n d o m  q u a n t i t i e s  wi th  c a n o n i c a l  d i s t r i b u t i o n .  We e x a m i n e  the  e s t a b -  
l i s h m e n t  of M a x w e l l i a n  d i s t r i b u t i o n  in the  g iven  cha in .  In o r d e r  to s tudy  the  a p p r o a c h  to the  e q u i l i b r i u m  
v e l o c i t y  of an i nd iv idua l  cha in  p a r t i c l e ,  we m u s t  f ind  the  cond i t i ona l  p r o b a b i l i t y  d i s t r i b u t i o n  of the  v e l o c i t y  
of t h i s  p a r t i c l e ,  de f ined  by  the  r e l a t i o n  

2~ [~  (t) I ~'~ (o)I w~ [~  (t) I ~ (o)I 
-- W~(~O (3.1) 

Here Wi(v i) denotes the probability density for the value v i to fall in the interval vi, vi+dvi; W2[vi(t) I 
vi(0)] denotes the joint probability density for the value of v i to fall in the interval vi(t) , v i(t)+ dvi(t) at the 
time t and the interval vi(0) , vi(0)+dvi(0) at the time 0. It can be shown [2] that P[vi(t)]vi(0)] has the form 

P[v~(t) lvi(O)l:(2n(vi">[l--Oie(i,t)])-V" oxp { [vi(t)--(I)i(i't)vi(O)]~ (3.2) 

Here the angle brackets denote canonical ensemble averaging. 

It follows from (3.2) that the behavior of P[vi(t) I vi(0)] is determined by the behavior of ~i(i, t). It is 
not difficult to show that in the formulas obtained for ~i (i, T) (we note that ~ =wLt) , all the terms approach 
zero as ~ ~, except the terms containing the cosine. These terms correspond to local vibrations. Conse- 
quently, the Maxwellian distribution is established in the system only for fl -< I. In the remaining cases the 
conditional probability distribution function does not approach the Maxwellian distribution but depends on 
the initial quantity vi(0) and has a periodic nature. 

Thus, in the harmonic approximation in the presence of local vibrations in the chain there is not equi- 
p a r t i t i o n  of the  e n e r g y  among  a l l  the  p a r t i c l e s .  A s i m i l a r  r e s u l t  was  ob t a ined  in [2] f o r  a cha in  wi th  i s o -  
t o p i c  de fec t .  

I. 

2. 
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